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The asymptotic effectiveness factor for the reaction between a porous solid and a
gas is calculated. Surface area and effective diffusivity variation are taken into ac-
count as well as temperature profiles. The isothermal effectiveness factor can be
written in terms of the isothermal “catalytic” effectiveness factor (constant surface
area and effective diffusivity) and a correction factor, h,*, It is demonstrated that
this correction factor is dependent on porous structure but independent on reaction
mechanism. On the other hand, the nonisothermal effectiveness factor can be written
in terms of the nonisothermal “catalytic” effectiveness factor, the isothermal cor-
rection factor, A", and a second correction factor which takes into acecount the in-
fluence of the transport coefficients variation in the Damkdhler’s analogy used to

relate temperature to gaseous composition.

NOMENCLATURE (—AH)
A, B, C, D, reaction components ho
a surface area of B per unit
volume, L2/L3
a* dimensionless surface area of
B, a" =aja, bt
Ar Arrhenius number, Ar =
E/R,T, I
b, d stoichiometric coefficients J
¢ molar concentration, g-mole/ k'
L3
ca’ dimensionless  concentration k'*
of A, ca* = ca/cas
es” dimensionless  concentration L
of B, CB‘.I = CB/CBO
D, effective diffusivity of 4, L?/8 n
D dimensionless effective dif- ¢

fusivity of A, D" = Da/Da,
activation energy, Q/g-mole
coefficient defined in Eq. (30) 74"
coefficient defined in Eq. (31)

coefficient defined in Eq. (30) R

~
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heat of reaection, Q/g-mole
initial generalized Thiele mod-

ulus,
ho = L, [7 +1 lc’aocAs"“]°'5
2 DAo
correction factor to Thiele
modulus
function defined in Eq. (52)
function defined in Eq. (33)
reaction rate constant per
unit surface area
dimensionless reaction rate
constant, k'* = L'(T)/k'(T),
characteristic length of porous
solid
exponent in Eq. (34)
coefficient in Eq. (33)
reaction rate per unit volume,
g-mole/ L0
dimensionless reaction rate,
rat = A/ Tds
radial position of the interface
between ash layer product and
front of reaction zone, L
dimensionless radial position
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of the interface between ash
layer product and front of

reaction zone, R* = R,/R,

R, gas constant, Q/g-mole °K

t time, 6

T temperature, °K

™ dimensionless  temperature,
™ =T/T,

x ratio of thermal conductivi-
ties, x = Ag/Ar

z rectangular  coordinate, L

z* dimensionless rectangular co-
ordinate, 2* = z/L

Subscripts

c catalytic

F fluid

1 isothermal

7 internal

0 initial value

S solid

s interface between ash layer
product and front of reaction
zZone

t true density of solid phase

Greek Letters

8 dimensionless number, 8 =
Da,(—AH)C4s/AT,

v reaction order with respect to
A

) reaction layer thickness

€ porosity

€ dimensionless porosity, € =
eS/ €

¢ porosity, Eqgs. (32) and (33)

N internal effectiveness factor

A effective thermal conductivity,
Q/L °K

\ dimensionless effective ther-
mal conductivity, A" = A/Xo

£ correction factor, defined in
Eq. (50)

o, ¢1, b2y coefficients defined in Eq. (48)

INTRODUCTION

Let us consider the reaction between the
gas A and the porous solid B according to

A(a) + bB(s) = C(g) + dD. (1)

The mathematical description of this re-
action i1s given by the mass balance equa-
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tions of components A and B and the
thermal energy balance (Fig. 1)

A DAVCA = T4, (2)
ben _
- St - brA: (3)
and
V- AVT = —(—AH)r, ()

where the pseudo steady-state assumption
has been applied to Eqgs. (2) and (4), and
equimolar counterdiffusion is assumed in
Eq. (2). Pseudo steady-state assumption
has been analyzed for the shrinking core
model taking into account mass (I) and
heat transfer effects (2).

It is obvious that there is no analytical
solution to the set of Egs. (2)-(4). There
is, however, a limiting case in which the
treatment of these equations simplifies very
much. This case arises when reactant A is
consumed completely inside solid B at some
distance from its outer surface. Provided
some working hypotheses are introduced,
it is possible to obtain an analytic solution
for the consumption of the solid as a fune-
tion of time (3, 4). These assumptions are:

(a) The just mentioned hypothesis of
A consuming completely inside solid B.
This consumption must take place in a dis-

Fic. 1. General picture of the system.
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tance 8§ € L, where L is the characteristic
length of the porous solid;

(b) Irreversible y-order reaction with
respect to A;

(¢) A pseudo steady-state in Fqs. (2)
and (4);

(d) The initial condition is given by
the time at which profiles of ¢4 and ¢z are
just developed;

(e) For a given porous structure, there
is a relationship between the surface area
of B and its concentration;

(f) There is a relationship between
effective diffusivity and porosity, and

(g) By assuming effective diffusivity
and surface area of B are constant, a re-
lationship between ¢, and ¢; is obtained for
the isothermal case. For nonisothermal sys-
tems, the Damkohler’s analogy obtained
with constant transport coefficients is also
included in the development (5, 6). It is
to be emphasized that this assumption of
constaney of transport coefficients and sur-
face area is only applied for this
calculation.

Taking into account these hypotheses,
Eq. (2) was integrated once by the Clairaut
substitution to obtain the internal effec-
tiveness factor (3, 4), which can be written
as follows:

n = h*tR* /h,, (5)

where h* is a correction factor accounting
for the effect of surface area and effective
diffusivity variation inside the porous
solid. In the nonisothermal case, it also ac-
counts for the effect of temperature profiles
on the effectiveness factor (6). The value
of h* appears dependent on the porous
structure model, but independent on time
sinee concentration profiles are repeated
as solid is consumed (4, 6).

Furthermore, the mass balance equation
of B was written in terms of the effective-
ness factor and integrated to obtain the
rate of consumption of B as a function of
time (4, 6). It is seen that once the value
of h* is provided, Eq. (2) is no longer used.
Nevertheless, the assumption (g) used in
this method introduces an error in the cal-
culation of h*.
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The objective of this study is to calcu-
late h*, neglecting that assumption of con-
stancy of surface area and transport
coefficients for the isothermal and the non-
isothermal cases. In addition, that study
will provide a knowledge of the system
properties in the asymptotic region.

EquaTions

As has been shown for catalytie systems
(7) in the asymptotic region of the effec-
tiveness factor (high Thiele modulus), Eq.
(2) can be written as that for slab geom-
etry, provided a proper characteristic
length is used in the Thiele modulus. Hence,
Eq. (2} turns out to be

(i dCA

043

By using the Clairaut substitution, Eq.
(6) can be integrated once to obtain

= T4. (6)

ea 0.5
%Cé = (1/Dy) [2 [ DATAdCA] , (1)
2 JO

where the following boundary condition
was used,

dea/dz = 0 atz =0. (8)

The value of A* for the asymptotic zone
can be evaluated from Eq. (7) as has been
shown elsewhere (4-6):

ca = 0;

N =

[(r + 1)/2)Das/ Do) [(des*/d2")/hAR™
= WtR"/h,,  (9)

where

Bt = [(7 +1) L ' DA*m*ch*]M, (10)

and ¢4 = cafcas; 2" = 2/L; R* = R,/Ry; D4
= DA/DAO; = rA(‘I)/rAS(GO)'

Assuming now that concentration pro-
files are repeated in the partially reacted
solid as time goes on, we can write

DCB _ ,&jl dzs 6CB’ _

Dt w vl e
where dz,/dt is the veloeity of the boundary
between ash layer and reaction front.

On the other hand, by writing a macro-

(11
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scopic balance for components A and B at
the interface it follows that

Crollz,/dt = —bD4s(dca/dz),.  (12)

From Eqgs. (3), (7), (11) and (12) we
obtain

deg/dz = —racge [2 ﬁ)m DArAch]_o's. (13)

Egs. (7) and (13) can be equated to give

0.5

dea/dep = —2 [/0“ DATA(ZCA] ‘
X [ ﬁ) DArAch]O'5 / Daracro. (14)

By introducing Eq. (10) in Eq. (14) and
using dimensionless variables it follows
that

ded*/deg” = — 2Rt
X [(’Y + )t f;ﬁ DA*TA*dCA*]M/DA*TA*.
(15)

Eq. (15) can also be written as follows;

d [('y +1) [) DA*rA*ch*]0'5 = —htdes”,

(16)

which can be transformed to

(v + DD ra*des™ = —2(1 — ¢+ des”,

(17)

where the boundary condition ¢4 = 0 for
¢g® = 1 has been used.

As D,* = D *(cs*) and r* = r ¥ (es¥,
¢z") it will be necessary to separate the
variables in order to simplify the evalua-
tion of Eq. (17).

The reaction rate can be written as

TA* — kl*(cA*) CA*vai*(CB*)) (18)

where an irreversible y-order reaction has
been considered and the general case of
nonisothermal reaction was taken into ac-
count by means of the function k™*(c.*)
arising from Eqgs. (2) and (4).

By separating variables in Egs. (17) and
(18), the following result is obtained:

(’Y + l)kl*cAﬂdCA*

= —2(h*/Ds*a;")(1 — cg*)des®. (19)
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The coefficient 2* can be evaluated from
Eq. (19) by integration using the following
boundary conditions:

et = 0; cg' = 1, and

cat = 1; cg' = 0. (20)

(As a matter of fact the last boundary con-
dition is not taking into account the ex-
ternal surface area of the partially reacted
solid).

Hence, Eq. (19) yields

0.5

v+ 1) /;1 K ea"des®

ht = 7
2 A) (Da*a) (1 — cg’)des

(21)

From Eq. (21) the value of A* can be
easily evaluated without knowing the re-
lationship between c,* and cg*; this makes
an important difference with the method
outlined before. In that sense, the mathe-
matical treatment which leads to Eq. (21)
has the advantage of separating the c,®
and cz* dependent variables in different
integrals. As will be shown later this
property provides a useful way to report
data in both the isothermal and noniso-
thermal cases.

Furthermore, by integrating Eq. (19),
the ¢4*(cp*) relationship can be obtained
as

/; oo K cades’
[) Yk e dest

/ T (Datat) (L — eg")des”
[ oena - es')des®

(22)

For isothermal systems (k'* = 1) with
the condition D * = a;* =1 (assumption
g) Eq. (22) yields as a particular case the
relationship used in previous papers (4, 6).

e’ = (1= eg P (23)

It is possible now to visualize how the
variable coefficients k'*, D,* and a;* affect
the relationship given by Eq. (22) as well
as the value of A* in Eq. (21).
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ISOTHERMAL SYSTEMS

For isothermal systems k'* = 1 and Eqgs.
(21) and (22) turn out to

ht = [2 [) YDAt — cB*>ch*]‘°‘5,
(24)

where the subscript I indicates the iso-
thermal case, and

0.5

/1‘68* (DA*ai*)“l(l - CB*)dCB*

1 * *
_[) (DA*ai*)*l(l — Cp )dCB

*

C’A == —

(25)
In order to evaluate the integrals of

Eqs. (24) and (25), it is necessary to de-
velop the following relationships;

a;” = a;"(¢z") and

])A* = DA*(CB*) .

(26)
(27)

a;* (cs*) relationship

The a;*(cs*) relationship depends on the
pore structure model used to represent the
solid reactant. As has been done elsewhere
(4) three different models are used:

(1) Dispersed-solid model,

ait = (c8")**; (28)
(i1) Petersen model,
(ai')* + e(as")?
+ ges" (1 — e)les™(1 — ) — 1] =0, (29)
where
e = G2/(2G — 3) and
g = (G — 1)’/e[(2G — 3)/3, (30)
with
de(B — 27G + 27 = 0; (31)
(iii) Pore-generation model,
al =1+ (g = D= @)/ =«
fore < €, (32
and
a’ =q

fore > €. (33)

325

D*(cg*) relationship

A phenomenological dependence of the
effective diffusivity on porosity that has
been observed for a great number of porous
materials can be written as

Dy = (¢/e0)", (34)

where n varies from 1 to 3 (authors have
used a value of n = 2 in previous studies
(4)).

Furthermore, the porosity can be evalu-
ated through

(35)
where the subseript ¢ denotes the true den-

sity of the solid. Eq. (35) can be written
exclusively in terms of c;*

e=1— (cu/cn) — (en/cp),

€= € + €' (eg — €). (36)

Hence, by introducing Eq. (36) in Eq.
(34) it follows,

Dy =€ + c"(1 — )] (37)

where
€ = ¢/¢. (38)
From Egs. (24), (28), (29), (32), (33),

and (37), it can be seen that h;* will depend
on the porous structure model as well as on
¢* and n. However, it is to be emphasized
that A+ is independent upon reaction order
or in general upon the chemical reaction
kinetics provided a generalized Thiele
modulus is used in Eq. (9).

RESULTS

As has been mentioned before, the value
of kit or the ¢,* (c™) relationship will de-
pend on ¢;* and D,* profiles in the par-
tially reacted solid. Since the integrals in
Eqs. (24) and (25) arise from kinetic con-
cepts, 1t is obvious that results will be in-
fluenced by the way in which the mechanism
of diffusion with simultaneous chemical re-
action is affected by the profiles of a;* and
D.*. The influence of a;* arises from the
porous structure model under consideration.

The correction factor h;* was calculated
from Eq. (24) and is plotted in Fig. 2 as
a function of <* for the different porous
structure models. Points show the values
obtained and reported elsewhere (4) with
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Fi16. 2. Influence of ¢* upon i;* for different porous
gtructure models.

assumption (g). It is possible to observe
that the values arising from this assump-
tion are not too far from the curves coming
out from Eq. (24) in all cases.

On the other hand the influence of D *
on h and the cs* (c5*) relationship will de-
pend upon the value of ¢* and n. For ¢* =
Eq. (37) yields D,* =1 and there is not
D * profile. In other words, as porosity is
not changing with reaction the effective
diffusivity remains constant. This effect
can be observed in Fig. 3 where the correc-
tion factor A+ is plotted as a function of €*
for different values of n. The Petersen
model for ¢, = 0.303 was considered here.
Similar results were obtained for the dis-
persed-solid model. From Fig. 3 it can be
seen that the differences in At are not great
for usual values of & (0.5< ¥ <2.0)
showing a low sensibility of D,* on A/
Hence, it can be concluded that for the
isothermal case, errors are not too high
when applying assumption (g). However, as
values of A/t can be easily calculated from
Eq. (24), the search for an analytical
c4* (cz®) relationship is no longer important.

NONISOTHERMAL SYSTEMS

For nonisothermal systems the value of
k’* must be expressed in terms of c,* in
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F16. 3. Influence of ¢* upon kst for Petersen model
and different values of n.

order to evaluate the integrals in Egs. (21)
and (22).

In conventional catalytic systems, this
relationship arises from the Damkohler’s
analogy (5) which relates temperature and
gaseous composition within the porous
solid through Eqs. (2) and (4). Such

a treatment leads to the following

relationship:

K" = exp {ArB(1 — ea’)/[1 + B = ea))
(39)

where Ar = E/R,T; and 8= D,,(—AH)
cas/ATs. However, this relationship was
obtained assuming D4\ and AH were con-
stant. This is not the case for gas—solid
systems; hence, a new relationship k* (c4*)
must be developed. From Eqgs. (2) and (4)
we obtain

Dy(dea/dz) = —[N/(—AH))(dT/dz), (40)

where the following boundary conditions
were used

dey/dz = 0;dT/dz = 0, at z = 0. (41)
By integrating Eq. (40) we obtain
T — T, = (—aH) [* (Da/Ndes, (42)

or, in dimensionless form
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T = 1= [ DSNYes',  (43)
where T* = T/T, and A* = A/A,. (44)

%
Hence, k' can be expressed as

. 458 [, (DA N)des®
k" = exp S - (45)
148 [, (D4 des

For the particular case D,* =A* =1,
Eq. (45) reduces to Eq. (39). As D,* and
A¥* are functions of ¢z* the solution of Eq.
(45) requires an iterative method to be ap-
plied together with Eq. (22) which will
provide the necessary relationship between
cs* and ¢z*. Once the iterative procedure
is ended the correct relationship c4*(cz*)
is obtained as well as the value of A*. How-
ever, we need first to develop the relation-
ship A* = A*(cp*) or A* = A*(e).

For unconsolidated porous media the ex-
pression developed by Kunii and Smith (8)
can be used

Mir= e+ (1 — €0.95/[¢ + (2/32)], (46)

where £ = Ag/Ap, With A¢ being the thermal
conduectivity of the solid phase and A that
one of the fluid phase. In turn

¢ = ¢o+ (¢ — do)(e — 0.260)/0.216 (48)

¢, and ¢, are plotted as a function of z
(8). The dimensionless effective thermal
conductivity A* can be evaluated from Egs.
(46) and (48) for given values of ¢ and .

On the other hand, for consolidated
porous media we can use (9)

N = (\s/Ap)ome = (x)e e

(49)

It is now easy to evaluate both, the
¢.® (cg*) relationship and the value of A*
for the nonisothermal system. We should
remember that in a previous study (6) the
nonisothermal A* was calculated taking into
account the influence of D, * and a;* pro-
files as well as temperature gradients in
the reactant solid but constant transport
coefficients were assumed in the Dam-
kohler’s analogy when evaluating the re-
lationship k™ (cs*) (Eq. (39)).

Hence, let us introduce a correction fac-
tor defined as
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£ = h* calculated with Eq. (45)
" h* calculated with Eq. (39)

From Egs. (21), (39), and (45) it fol-

lows that £ can be written as

fy exlexp Iidea” | (51)
£= |5 , 1
J ea™exp Jide®

(50)

where
Ar8 [ (D4 Ndex” -
1 + ﬂ ﬁj* (DA*/)\*)dCA* o
and
_ Al —c4’)
il T 53)

Hence, ¢ will depend upon

£ = £(",n,Ar,8,x,v, porous structure model),

(54)

For isothermal systems £ = 1; for * =
as porosity is not changing with reaction,
both transport coefficients are constant and
again £ =1,

By introducing Eqs. (50) and (51) in
Eq. (9) we obtain
= (5/ ho)

0.5

[ texylexp Jde.
/01 (2/D4%a")Y(1 — c5™)des®
X R*. (55)

On the other hand, Eq. (9) for a catalytic
system can be written as follows (D,* =
a;* = A¥=1):
ni. = f(Ar, B, v)/ho

1, £ )05

=it + 0/ [ e exp Jidea ),
(56)

where the subscript ¢ denotes the catalytic

case. In turn, from Eqs. (55) and (56) we
obtain

x|(r+1)

= fﬂic[ﬁ)l (2/D4*a") (1 — CB*)ch*]_o's e
(57)
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Fic. 4. Relationship between c¢4* and cz* for
Petersen model, Ar =40, ¢ =1, and different
values of 8.

On the other hand, by using Eq. (24) it
follows

ni = thrtpRY. (58)

Eq. (58) gives an important relationship
since it allows the calculation of the non-
isothermal effectiveness factor for a gas—
solid reaction (with variable transport co-
efficients and surface area) in terms of the
catalytic effectiveness factor and two cor-
rection factors, h;* and £.

s b

« F16. 5. Influence of 8 upon & for dispersed solid
model, Ar = 20, ¢ = 0.67, x = 1000, and different
values of v.
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Fic. 6. Influence of 8 upon £ for dispersed solid
model, Ar =20, v =1, z = 1000, and different
values of €.

REsuLTS

The c¢,*(cs™) relationship is shown in
Fig. 4 for the Petersen model (e, =
0.303), ¢ = 1, Ar = 40 and different values
of B. As ¢ =1, Eqs. (45) or (39) can be
used without distinetion. It can be seen
that, for a given value of cp*, c4* decreases
as the heat of reaction increases if the re-
action is exothermic. The opposite effect is
observed for endothermic reactions.

Figures 5, 6, and 7 show the influence of
different parameters upon the correction
factor ¢ for the dispersed-solid model. We

T
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=
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o

[T ‘TVETI BRATANT /WRTIY R A

PRI NN 0

Ar=40

Ll

A L : 2 b
1QO.B 04 02 0 02 04

o
@
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F1a. 7. Influence of 8 upon £ for dispersed solid

model, ¢ = 1.5, v = 1, z = 1000, and different

values of Ar.
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remember that ¢ =1 for =0 and/or
¢* = 1. The parameters Ar, 8, and ¢* in-
fluence directly upon ¢ through the
Damkéhler’s analogy; on the other hand,
the reaction order y and the porous-strue-
ture model influence upon ¢ through the
c4*(¢y™) relationship.

The influcnce of B and y is shown in
Fig. 5. It i¢ seen that the parametric sen-
sibility of y i~ not too high.

The influence of 8 and ¢* is shown in
Fig. 6. As ¢ modifies the transport coeffi-
cients of the porous solid, its influence will
be high for exothermic reactions as can be
verified from Fig. 6.

In the same way, the influence of Ar is
very high for exothermic reactions (Fig.
7). The points shown in this figure cor-
respond to the Petersen model. It is seen
that the influence of the porous structure
is very low.

Furthermore, in the calculations involved
in Figs. 5-7 a value of & = 1000 was used;
calculations performed with z = 500 and
x = 1500 showed the influence of x was
negligible.

CoNCLUSIONS

The asymptotic effectiveness factor for
a nonisothermal gas—solid reaction with

BEHAVIOR OF GAS—SOLID REACTIONS
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variable coefficients can be written in terms
of the nonisothermal catalytic effective-
ness factor and two correction factors: the
first one which accounts for the influence
of effective diffusivity and surface area
profiles in the isothermal case and is in-
dependent on the reaction mechanism and
the second one which accounts for the in-
fluence of variable transport coefficients
when relating temperature and gaseous
composition within the porous solid.
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